We show that essentially the speed of decay of the Fourier sine coefficients of a function in a Lebesgue space is comparable to that of the corresponding coefficients with respect to the basis formed by the generalized sine functions sin p,q .
Introduction and preliminaries
The decay properties of classical Fourier coefficients are both well known and important. Consider, for example, a function f that is Lebesgue-integrable over the interval I = [0, 1]. By the Riemann-Lebesgue lemma, its nth Fourier sine coefficient a n tends to zero as n → ∞. If f has some smoothness, then more precise information is available about the rate of decay [1, ch. 3.2] . In this paper, we investigate the relationship between the decay properties of the Fourier sine coefficients of a function and those of the corresponding coefficients when the classical sine functions are replaced by the sin p,q functions, where p, q ∈ (1, ∞). Interest in these sin p,q functions stems not only from their basis properties detailed below, but also from their appearance in connection with the (p, q)-Laplacian [2] and from the fact that their derivatives provide extremal functions for the determination of the norm of the classical Hardy operator acting from L p to L q (see [3] ).
Some notation help us to describe in more detail what is achieved. For each p, q ∈ (1, ∞), define F p,q : I → R by Because F p,q is strictly increasing, it has an inverse, denoted by sin p,q , that is defined on [0, π p,q /2], where
This inverse is first extended to [0, π p,q ] by symmetry about π p,q /2, then extended to [−π p,q , π p,q ] by oddness, and finally to the whole of R by 2π p,q -periodicity; the resulting function on R is again denoted by sin p,q . When p = q, we write sin p instead of sin p,p and π p in place of π p,q ; plainly, sin 2 is simply the classical sine function. Additional information about sin p,q is given in [3] .
The classical sine functions sin(nπ ·) (n ∈ N) form a basis of every Lebesgue space L r (I) (1 < r < ∞), so do the functions sin p (nπ p ·) (n ∈ N) provided that p ∈ (p 0 , ∞), where p 0 is defined by the equation π p 0 = 2π 2 /(π 2 − 8); p 0 is approximately 1.198 (see also [5] ). Moreover, it is now known (see [6] ) that this basis property is also possessed by the functions sin p,
In particular, this shows that for all p ∈ (1, ∞), the functions sin p,p (nπ p,p ·) (n ∈ N) form a basis of every L r (I): note that in contrast to the result for the sin p (nπ p ·), here p may be arbitrarily close to 1. These basis properties mean that given any r ∈ (1, ∞) and any f ∈ L r (I), then for appropriate p and q, there are unique sequences of real numbers (a n ) and (b n,p,q ) such that (with convergence in
where e k = sin(kπ ·) and f k,p,q = sin p,q (kπ p,q ·). The b k,p,q may be thought of as p, q-Fourier coefficients of f : note that when p = 2, the lack of orthogonality of the f k,p,q means that the b k,p,q do not have the attractive integral representation possessed by the e k . Proofs of these basis assertions rely on a technique originally adopted in [4] and which we now outline. Given any f :
It is shown in [6] that
and note that τ m = 0 if m is even. Then, the map T defined by
is a bounded linear map of L r (I) to itself with the property that 
This condition is satisfied if
For proofs of these claims, see [6] . Our basic result is expressed in terms of sequence spaces. We recall that given any λ ∈ (1, ∞), the space l λ,∞ is the Lorentz space of all sequences c = (c k ) k∈N such that
where (c * k ) denotes the non-increasing rearrangement of the sequence c (for more details, see, e.g. [7] ). As usual, l 1 will stand for the space of all sequences c such that 
In the first of these results, the kth rearranged coefficient decays like k −1/λ , where λ > 1. It is natural to ask what happens when the decay of the coefficients is of the form k −α , where α may be greater than 1. Theorem 2.4 provides some information when the sequences (|a k |) k∈N and (|b k,p,q |) k∈N are non-increasing: it shows that if α ∈ (0, 2), then |a k | k −α if and only if |b k,p,q | k −α . The requirement that both sequences be non-increasing is very strong: without it, we show, in remark 2.5, that results can be obtained that involve a loss of sharpness of the exponents.
We hope that the similarities uncovered here between properties of the classical basis (e k ) and that generated by the sin p,q functions will stimulate further work on and applications of the generalized sine functions.
The main results
Throughout this section, the norm on L r (I) is denoted by · r , or even by · if the context is clear. We begin by showing that the inverse of the map T defined above has properties similar to those of T. Lemma 2.1. Let p, q, r ∈ (1, ∞), let T be as in (1.4) and suppose that (1.5) holds. Then, there are constants
where Id is the identity map of L r (I) to itself.
Proof. From (1.4) and (1.5), we see that T: L r (I) → L r (I) is a homeomorphism given by 
and set (observing that M 1 = Id)
Using (1.5), 
where the infinite sum is considered as lim n→∞ n k=1 A k f for any f ∈ L r (I), with convergence in the norm of L r (I).
As M n M m = M mn (m, n ∈ N), it follows that
and more generally,
For every odd k ≥ 3, define
we have
Now, rescaling using τ 1 gives the desired representation of T −1 with The above result enables techniques used below and based on properties of T to be applied with equal facility to T −1 , the role of (1.5) with respect to T being played by the inequality (2.1) as regards T −1 .
Next, we establish a limited rearrangement property of the basis elements. (e k ) k∈N and ( f k,p,q ) 
Lemma 2.2. Let p, q, r ∈ (1, ∞), let T be as in (1.4) and suppose that (1.5) holds. Let f ∈ L r (I) be given in terms of the bases
Then,
Proof. This result would be obvious if we knew that the bases were unconditional, but as this is not the case some care is needed. Given f ∈ L r (I), T −1 f ∈ L r (I) and may be represented in terms of the basis (e n ) by For each ∈ N, let P be the canonical projection associated with the basis (e k ), so that if
From the definition of T, we see that
b n e mn .
Thus,
b n e mn . Because the (e k ) form a basis of the reflexive space L r (I), it follows from a theorem of James [9, theorem 1.2.13] that (e k ) is boundedly complete, so that ∞ k=1 ( mn=k b n τ m )e k exists and has norm R ≤ 2B|τ 1 |. Because we have, for each ∈ N,
we obtain
Finally, we present the main results. 
There is a bijective map P: N → N which enables elements of the sequence c to be related to those of the corresponding sequence (c * k ): for each k ∈ N, c * k = c P(k) . Thus,
where we used the convergence of which implies c ∈ l 1 , and so a ∈ l 1 . As before, the proof of the reverse implication is similar.
Note that (see (1.6)) the conclusion holds if p /q < 4/(π 2 − 8) or p = q ∈ (p 0 , ∞). For this result to apply, the decay of the nth coefficients must be of the form n −α , where α ∈ (0, 1). Progress can be made when α lies outside this interval, as we now show. 
which we write as
where the summation is over all n ∈ N which divide k, written n|k. As (|a k |) k∈N is non-increasing, it is sufficient to investigate the decay when k = 2 , ∈ N, and in this case we obtain an estimate of the form
for any ε > 0. This time the loss of sharpness is greater. For more precise estimates, in which the perturbing terms involve logarithms instead of powers of k, we refer to [10, p. 86] . When α = 2, it turns out that
for all ε > 0 (see [11, p. 262] ).
Concluding remarks
Our results partially answer some questions of Boulton [12] concerning approximation properties of (p, q)-sine bases and the rate of the decay of their Fourier coefficients. As we can see from theorems 2.3, 2.4 and remarks 2.5, one cannot expect faster decay of the Fourier coefficients b k as k → ∞ than that of the coefficients a k in the expansions (2.3).
